A cell of an arrangement of n hyperplanes is rich if its boundary contains a piece of each hyperplane. We give an asymptotically tight upper bound on the number of rich cells, as n tends to infinity.
The hyperplanes are in convex Position if there is some rich cell in their arrangement. In Section 6 we find a "Caratheodory number" for lines in the plane: We show that a set of lines in the plane he in convex Position, provided every five of the lines are in convex Position.
A RECURRENCE RELATION
Let H = {H,, H,,..., H,} be n hyperplanes in [w " and consider the arrangement d(H) of these hyperplanes and let f,(d, n) be the number of rich cells in ti( H ). We want to determine f( d, n), the maximum number of rich cells over all such arrangements.
Proof. Let n, d > 2. Consider the contribution of H,: A rich cell of M(H) tan only occur when H, cuts a rich cell of M( H -H,). H, tan tut such a cell into at most two rich cells of ~4 H ).
If some hyperplane H, is parallel to H,, then no region on H, tan act as a facet of two rich cells as H, lies uniquely in HT , say, and cannot bound a facet in Hi. Hence,
Otherwise, say H, divides a rich cell C of i;s( H -H,) into two rich cells In the following text, we will use only f(3,4) and f(2,3). The general case tan be found in [l].
??
COROLLARYl. f(3,4) = 11 andf(4,5) = 26.
Results for Two Dimensions
It has already been shown that f(2,l) = 2 and f(2,2) = 4 by Lemma 2
and that f(2,3) = 4 by Lemma 3. 
In this section we construct an example that gives a lower bound: 
??
This example provides a lower bound for f(d, n) and finishes the proof of Theorem 1.
CONVEX POSITION
We propose the following generahzations of the concept of convexity for k-dimensional flats in d-space: Let Er be a family of k-flats in Rd lying in general Position. We say that 9 is in convex Position if there is a compact convex body touching every member of F(see also [4] ).
Obviously 
Proof.
Suppose, in Order to obtain a contradiction, that there is a family _Y= {Z,, . . . , Z,, 1} of n + 1 lines, for some n > 5, which is not in convex Position, but any proper subfamily of 9 is in convex Position.
Any family of n > 5 lines divides the plane into n e ' + 1 cells. ( 1 Observe that by Lemma 4 at most one of these cells tan contain a piece (i.e., a Segment or a half-line) of each line on its boundary.
Suppose now that n > 5 and that E,, i intersects the (unique) cell C determined by {Z,, . . . , Z,}, whose boundary contains a piece of each li,
l<i<n.
Then Zn+i cuts C into two pieces-C, and Ca-and we tan assume without loss of generality that C, has at least as many sides as C,.
Clearly, C, has at least one side (belonging to, say, 1,) which is not incident to the common boundary Segment of C, and Ca. We tan assume that C, has no other side with this property. Otherwise, deleting its supporting line from 9, we would obtain a subfamily in nonconvex Position.
Then, if l,, I meets C in a bounded line Segment, let 1, and 1, _ 1 denote the sides of C intersected by l,, i (sec Figure 1 ) and let C: and Cr be the uniquely determined cells containing a piece of every line in the arrangements _.Y-(Zr, Z,} and 9-(Z,_ i, Z,), respectively. Obviously C:, Cf 2 C, and at least one of them is not met by 1,. Thus, 9 -(1,) or _Y -(Z, _ i} is not in convex Position, which is impossible. 
